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i The purpose of this paper is to give two different constructions of irregular surfaces of de- 

1 ^ ' gree 12 in P^. These surfaces are new and of interest in the classification of smooth non-general 

■ type surfaces in P^. This classification problem is motivated by the theorem of Ellingsrud and 
Peskine [9] which says that the degree of smooth non-general type surfaces in P^ is bounded. 
Moreover the new family is one of a few known families of irregular surfaces in F^. The 
other known irregular smooth surfaces in P^ are the elliptic quintic scrolls, the elliptic conic 

, bundles [2], the bielliptic surfaces of degree 10 [16] and degree 15 [4], the minimal abelian 

surfaces of degree 10 [11] and the non-minimal abelian surfaces of degree 15 (cf. [3]) up to 
' pull-backs of these families by suitable finite maps from P^ to P^ itself. 

. The first author came across the irregular elliptic surfaces when studying a stable rank 

^ I three vector bundle £ on P^ with Chern classes (ci, 02,03) = (5, 12, 12) (see [1] for the explicit 

' construction of this bundle) . The dependency locus of two sections of £ is a smooth surface 

r~| ■ of the desired type. 

i Our first construction uses monads. The basic idea of monads is to represent a given 

coherent sheaf as a cohomology sheaf of a complex of simpler vector bundles. A useful 
way to construct monads is Horrocks' technique of killing cohomology. As we will see in 
§ 2.2, for the ideal sheaf of a smooth surface X in P^ this technique is closely related to the 
X ; graded finite length modules H^Jx = 0^^^ ff (P^ Jx("i)), ^ = 1,2, over the polynomial 

■ ring C[xo, . . . , 2:4] called the Hartshorne-Rao modules oi X. To construct an irregular elliptic 
surface, we construct the ideal sheaf via its Hartshorne-Rao modules. 

The second construction uses liaison, and reduces the construction of an irregular surface 
as above to the construction of a simpler locally complete intersection surface. More precisely 
we show that the elliptic irregular surface of the first construction is linked (5, 5) to a reducible 
surface of degree 13. This reducible surface consists of a singular rational cubic scroll surface 
in a hyperplane of P^ and a smooth general type surface of degree 10 and sectional genus 10 
such that they intersect in three disjoint (singular) conies on the cubic surface. We then 
show that these reducible surfaces can be constructed directly, in a slightly more general 
form. In fact we construct a cubic Del Pezzo surface Xq and a smooth general type surface T 
of degree 10 and sectional genus 10 such that T n Xq is the disjoint union of three smooth 
conies and show that the general surface linked (5,5) to TVJXq is a smooth irregular elliptic 
surface. The family of irregular elliptic surfaces constructed via liaison includes the family of 
irregular elliptic surfaces constructed via monad as a special case. 
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2 Preliminaries 

In this part wc recall basic results on smooth surfaces in needed for the two methods of 
construction that we shall use. 

2.1 Notation and the basic results 

If not otherwise mentioned, X denotes a smooth surface in and 

- H = Hx its hyperplane class; 

- K = Kx its canonical divisor; 

- d = d{X) = H"^ its degree, 

- TT = tt{X) its sectional genus (the genus of a general hyperplane section); 

- X = x{^x) = Pg — Q + ^ the Euler-Poincare characteristic of its structure sheaf. 
The numerical invariants of X satisfy the double point formula 

d^ -md-hH-K- 2K^ + 12x = 

(see, for example [10]). For a curve on X the arithmetic genus can be computed by the 
adjunction formula 

2pa{C) -2 = C^ + C-K. 

The double point formula and the adjunction formula express the self-intersection number 
in terms of d, it and 

^2 ^ cP-5d- IOtt + 12x + 10 ^2 1) 

For curves C and D on X the adjunction formula yields the following addition rule for the 
arithmetic genus: 

Pa(,CUD)=paiC)+PaiD) + C-D-l. (2.2) 

2.2 Monads 

To construct a smooth surface X in P^, we construct its ideal sheaf Jx- Our construction 
of 3x (more generally coherent sheaves on P"^) uses monads. Indeed, monads represent a 
given coherent sheaf in terms of simpler vector bundles, such as direct sum of line bundles, 
and homomorphisms between these simpler bundles: 

Definition 2.1. A monad for a coherent sheaf S on P" is a complex 

A^-B^e (2.3) 
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of vector bundles on with a an injective map and P a surjective map such that the 
cohomology Ker(/3)/Im(a) is the coherent sheaf S. The display of the monad (2.3) is the 
following commutative diagram: 



> A 







X 







S ^ 



^ A B > Q > 0, 

/3 ' 



(2.4) 



where X = Ker(/3) and Q = Coker(a). 

To find a monad for our ideal sheaf we use Horrocks' technique of killing cohomology. 
First we recall the definition of Horrocks monad: 



Definition 2.2. A monad 



for a coherent sheaf S on is a Horrocks monad if 

(a) A and C are direct sums of line bundles; 

(b) !B satisfies 



i = l,n-l 
His 1< z < n - 1. 



We say that this monad is minimal if 

(c) C has no direct summand which is the image of a line subbundle of !B; 

(d) there is no direct summand of A which is isomorphic to a direct summand of !B. 

For any vector bundle on P", n > 2, there is a Horrocks minimal monad (see, for exam- 
ple [5]). We include a proof of the following special case for lack of a suitable reference. 

Proposition 2.3. There is a Horrocks minimal monad for the ideal sheaf Jx of any 2- 
codimensional locally Cohen-Macaulay closed subscheme X o/ P" . 

Proof. Every minimal set of generators for Hl^x gives an epimorphism 

Lo ^ Bl3x ^ 0, (2.5) 
where Lq is a free S = C[xo, . . . , a;„]-module. This epimorphism defines an extension 

O^Ox^Q^Lo-'O (2.6) 
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of Ox by Lq, because the given epimorphism (2.5) can be regarded as an element of H^(Jx ® 
Lq) c± Ext^(Lo,Jx)- Taking cohomology (2.6) gives H^Q = because of (2.5). Given a 
minimal set of generators for the /S-module H^a;x('^ + 1), we have an epimorphism 



0, 



where Pq is a free 5-module. Note that (^xin + 1) = £xt^(Ox,0) ~ £.xt^{0x,O)- 
So R^iujxin + 1) (8) P^) ~ B.°{ext^{Jx,0) P^) 2± Ext^{3x,Po), and hence we obtain 
an extension 







pv 



X^3x^0. 



(2.7) 



By construction it is clear that H^X^ = 0, and hence H^-^OC ~ Extg+^(HiD<;^, S) = 0. The 
exact sequence (2.6) induces 

> Ext^(Zo,^) ^ Ext^Q,^) ^ Exti(Jx,^) Ext2(Zo,-^) ^ ••• . 

Since Ext'(Lo, Pq) = for z > 1, we have an isomorphism 

Ext^(Q,^) ^Ext^(Jx,-^). 

Let us denote by 







pv 



S ^ Q ^ 



the extension corresponding to (2.7). This extension can be used to complete the exact 
sequences (2.6) and (2.7) to the display 



> P^ 



pv 







X 







Q 



(2.8) 



of a monad 



pv 



(2.9) 



for Jx- From the display (2.8) it follows that S satisfies (b), because both the modules Hj;Q 
and H"^^3C vanish. So the monad (2.9) is a Horrocks monad. 

Finally we show the minimality of (2.9). It is obvious that Lq (resp. Pq) has a direct 
summand which is the image of a line subbundle of B (resp. S^) if and only if Q (resp. X) has 
a direct summand which is the image of a line subbundle of !B (resp. !B^). By construction, 
however, Q and X do not have such a direct summand, which completes the proof. □ 
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Remark 2.4. For the ideal sheaf "Jx of a smooth surface X in the Horrocks monad 
is closely related to the minimal free resolutions of the Hartshorne-Rao modules. Suppose 
that H^Jx does not vanish. Let us denote the minimal free resolution of H^Jx by 

^ RlOx ^ Fo ^ Fi ^ F2 ^ F3 ^ F4 ^ ^ 0. 

Then "B has the same intermediate cohomology modules as the second sheafified syzygy 
module of H^Jx- Hence H^'B is a direct sum of B = Ker(/i) and a free S'-module (see [7] 
for the proof). Frequently, !B is isomorphic to B, and the minimal free resolution of H^Jx 
decomposes as 








including the minimal free presentation of H^Jx^ 

* — H^Jx ■< — Lq Li. 

So to construct a smooth surface X in P^, we construct the Hartshorne-Rao modules H^3x 
and H^Jx first. 

In this case the bundle % can be described explicitly. So to construct the ideal sheaf "Jx , we 
use the determinantal construction following [7], namely we establish that the determinantal 
locus of the general morphism i/j G Hom(P(^, DC) is indeed a smooth surface. 

To construct H^Jx and H^Jxi we need information on the dimensions h^3x{m) in some 
range of twists. This information can be obtained from the Riemann-Roch theorem: 

Theorem 2.5 (Riemann-Roch). Let X be a smooth surface in of degree d, sectional 
genus n, geometric genus pg and irregularity q. Then 

(m + l\ 
2 \d + m{Tr-l)-l + q-pg. 

Since surfaces on quadric and cubic hypersurfaces are completely classified (cf. [12]), we 
may assume that 

h0jx(2) = h0jx(3) = 0. 
We observe that some of the cohomology groups vanish: 

Proposition 2.6 ([7]). Let X be a smooth non-general type surface in P^ which is not lying 
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on any cubic hypersurface. Then we have the following table for the dimensions h^Oxij)- 





i 

























4 


N+1 


Pg 











3 





Q 


s 


li2Jx(2) 


li2Jx(3) 


2 















1 




















-1 





1 


2 


3 


s- 

3 



where N = Tr — q + pg — 1 and s = 7r — d + S + q — pg. 

In the sequel we represent a zero in a cohomology table by an empty box. 

2.3 Liaison 

We recall the definition and some basic results from [15]. 

Definition 2.7. Let X and X' be surfaces in with no irreducible component in common. 
Two surfaces X and X' are said to be linked (m, n) if there exist hypersurfaces V and V of 
degree m and n respectively such that V CiV' = X U X' . 

There are two standard sequences of linkage, namely 

^ OxiK) Oxux'im + n - 5) ^ Ox'im + n - 5) ^ 

and 

Q^OxiK) ^ Ox{m + n-5) Oxnx'{m + n - 5) ^ 0. 
For the construction we will use the following theorem: 

Proposition 2.8 ([15]). Let X be a locally complete intersection surface in P^. If X is 

scheme-theoretically cut out by hypersurfaces of degree d, then X is linked to a smooth sur- 
face X' in the complete intersection of two hypersurfaces of degree d. 

3 A monad construction 

Let P^ be the 4-dimensional projective space over C with homogeneous coordinate ring S = 
C[xo, • • • ,X4]. We construct an example of a smooth irregular proper elliptic surface in P^ 
using Horrocks' technique of killing cohomology. 

Theorem 3.1. There exists a smooth, minimal, proper elliptic surface in F'^ with d = 12, 
TT = 13, Pg = 3 and q = 1. 
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Proof. For a smooth surface X in with the given invariants, formula (2.1) leads to K"^ 
By the Riemann-Roch formula and Proposition 2.6, the table 



0. 





i 




















4 


15 


3 








3 




1 


2 


a 


b 


2 h 








a 


6 + 4 


1 















-1 





1 


2 


3 


3 



reflects the relations between the dimensions h*Jx(j) in the range — 1 < j < 3 of twists. 
A simple example of a finite length graded S'-module with Hilbert function (1, 2, • ■ • ) is the 
module M with minimal free presentation: 

/o 



where /o 







< — M * — S*^ 35(-l) e 25(-2), 
(xo, Xl, X2, Xg, x\). The minimal free resolution of M is of the following form: 
35(-l) 35(-2) 5(-3) 



M ^ S 



\ 



2S{-2) ^ 6S(-3) ^ 65(-4) 25(-5) 



\ 



0. 



S{-A) 35(-5) 35(-6) ^ S{-7) 

Suppose that H^Jx = -M- Then a = 1 and 6 = 0. Let B be the second syzygy module of M. 
We will suppose that B is the middle term of the Horrocks minimal monad for J^: 
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With suitably chosen bases, B is generated by the column of the matrix 



/ X2 


x\ 








X4 
















-Xl 





xl 






















Xq 








x\ 








x\ 














-Xl 


-Xl 














.T4 











Xq 





-X2 














2 
X4 











Xq 


Xl 































-Xl 


-Xl 





—x\ 




















Xq 





-X2 





— x| 




















Xq 


Xl 








-X3 


V 






















Xl 


X2 / 



For simplicity we denote by F2 and F3 the target and source of /2 respectively. From the 
minimal free resolution of M it follows that B has the following Beilinson cohomology table: 





i 






1 










4 














3 






1 


2 


1 




2 


1 












1 












1 








-1 
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Suppose that H^Jx is generated in the first non-zero twist, that is, monogeneous. 
Then Lq = 0(— 2). Since pg = h^^x = 3, the map 3S H°a;x forms part of the minimal 
generating set of H°a;x- Prom the cohomology table of B, 



h^pv( 



-1) = h^ax(-l) + h'^B{-l) = 15 + 1 = 16. 



So Pq must contain 0(— 4) as a direct summand. Since rank(i?) = 6, we can deduce that Pq ~ 
30 (-5) e 0(-4). So the Horrocks monad for Jx is of type 



30(-5) eO(-4) 
and we have the display of the monad: 



B 0(-2) 



30(-5) eO(-4) 



30(-5) eO(-4) 



X 



0(-2) 



Q 



0. 



(3.1) 



0(-2) 





Next we look for an appropriate finite length graded module N with Hilbert func- 
tion (1,4, • • • ) which is monogeneous. Recall that Pq contains S{—A) as a direct summand. 
So to construct such a module, we have to find a map <p : F2 ^ 2) such that the source of 
the syzygy matrix of f 2 o cf> : F3 ^ ^{—2) includes S{—4) as a direct summand. For instance, 
the map given by the matrix 

(1,0, 0,0,0, -xo, 0,0, xi,0) :F2 ^S(-2) 

satisfies the desired condition. One shows by straightforward calculations that the cokernel 
of /2 o is of finite length and that has the minimal free resolution of type 

^ ^ S{-2) 5(-3) 



55(-4) \ 7S{-5) 2S{-6) 

e © 
7S{-6) \ ns{-7) 

© 

3S{-8) 



45(-8) 

© 

5S{-9) \ 2S(-10) 



In this case % has syzygies of type 

0(-4) 
© 

O^X^ 80(-5) 

© , 
40(-6) 



20(-6) 

© 

10O(-7) 40(-8) 

© ^ © 
30(-8) 50(-9) ^ 2O(-10) ^ . 
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The ideal sheaf 3x wih be obtained via an exact sequence 



^ 30(-5) e 0(-4) -^X^3x ^0. 

However X will be obtained as the determinantal locus of the general map between the vector 
bundles 30(— 5) and £, where £ is the cokernel of a non-zero map 0(— 4) X. Indeed, the 
map 

V' = * (0, 0, 0, 1,0, 1, 0, 0, 0, 0) : 5(-4) ^ F3 

forms part of the minimal generating set of Syz(/2 o cp) and a straightforward calculation 
shows that the cokernel of {ip o /2)^ is of finite length. This means that for a non-zero 
element of Hom(0(— 4), 3C) the cokernel £ is a rank four vector bundle. Clearly the minimal 
free resolution of £ is of the form 

80(-5) 20(-6) 

^ £ ^ e © 

40(-6) ^ 10O(-7) 40(-8) 

30(-8) 50(-9) ^ 2O(-10) ^ . 

By using Macaulay 2, we can check that the determinantal locus V{f) of the general map / G 
Hom (30(— 5),£) is a smooth surface. The invariants are computed from the minimal free 
resolution of Jx ■ Since 3x has the presentation 

^ 30(-5) ^ £ ^ ^ 0, (3.2) 

the minimal free resolution of Jx can be computed from that of £ and has the shape 

50(-5) 20(-6) 

Q^Jx ^ © . © 

40(-6) ^ 10O(-7) 40(-8) 
© ^ © 
30(-8) 50(-9) ^ 2O(-10) ^ . 

Computing the Hilbert Polynomial of X from this resolution, we conclude that X has de- 
gree d = 12, sectional genus tt = 13, and Euler characteristic x = 3. Prom (2.1) we now 
get K'^ = 0. Dualizing (3.2), we obtain 

^ 0(-5) ^ £^ ^ 30 ^ wx ^ 0. 

So pg = 3 and X is irregular with q = 1. Furthermore wx is globally generated by its own 
three sections, and thus these sections define the canonical map 

$ = ^iK\ ■■X-^P'^. 



Then we have the Stein factorization of 




C C 



where p has connected fibers. Let F be a fiber of p. Then F ■ (F + K) = 2K^ = 0. So it 
follows from the adjunction formula that Pa{F) = 1, which implies that the smooth fibers 
of p are elliptic curves. Therefore X is an elliptic surface. Pinally, since = 0, the surface 
is minimal, which completes the proof. □ 
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Remark 3.2. The surface constructed above may also be obtained as the dependency locus 
of two general sections of a rank three vector bundle on P^. In fact, in the notation of the 
above proof, define a homomorphism by 

V'' = *(0, XI, 0,0,xo, 0,0, 0,0,1) :5(-5) ^Fs. 

Then -0' forms part of the minimal set of generators for Syz(/2 o (f>)- So ^p' induces a map g : 
0(— 5) £.. One can show by a straightforward calculation that g is an injective bundle 
map. The cokernel If of is a rank three vector bundle on P'^, and thus X can be regarded 
as the dependency locus of two general sections of 3^. 

4 A liaison construction 

We first motivate this second construction. Let X be the irregular elliptic surface in P^ con- 
structed in the previous section. With Macaulay 2 we can check that the quintics containing 
X intersect in 

y(H0(Jx(5))) =XDXo, 

where Xq is a singular rational cubic scroll surface in a hyperplane Hq of P^. The scroll Xq 
may be obtained by projecting a smooth rational cubic scroll S in P*^ from a point off S. The 
scroll S contains a unique directrix line. Let L be the image of this line on Xq. 

We can check a few more facts with Macaulay 2. The sTirfacc X docs not intersect 
the line L. On the other hand the hyperplane section Hq fl X, denoted by Cq, is equal 
to Xq n X, and hence deg(Co) = 12 and 7r(Co) = 13. Let Cq and L be the inverse images 
of Cq and L respectively on S. Then Cq = 3{Hs + L), since Cq does not intersect L. 
Now, Cq = X HXq = Xr\Ho, so XUXq is locally a complete intersection cut out by quintics. 
Therefore, by Proposition 2.8, XUXq can be linked (5, 5) to a smooth general type surface T 
of degree d = 10, tt = 10 and x = 4. This implies that X is reobtained as the residual surface 
of XqUT in the complete intersection of two quintics in H°(JxoUt(5)). Let C = Xofl (XUT). 
Compare the second standard exact sequence 

^ (DxoiKxo) ^ Oxo(5) ^ Oc(5) ^ 

with the exact sequence 

O^0xo(-C)^0xo ^Oc^O. 

Then we can deduce that C = 5Hx„—Kxq = QHx„- On S we get C = QHg- Let Ci := XqPiT 
and let Ci be its inverse image on S. Then Ci = 3(i?5 — L), and hence Ci, is the disjoint 
union of six members of the ruling on S. The singular locus of Xq is a line, so C has six double 
points along this line. Three of these appear already on Cq since p{Cq) = 10 = p{Cq) — 3 
and are precisely the intersection of Cq with the singular locus. The other three points are 
therefore intersections of pairs of rulings in Ci. Thus Ci consists of three disjoint singular 
conic sections that each lie in a plane that contains the line L. 

We recall some facts about smooth general type surfaces T of degree d = 10, vr = 10 and 
X = 4 from [14], Proposition 4.18. First of all, any such surface T can be linked (4,4) to 
the union of a degenerate cubic scroll Uq formed by three planes and a Del Pezzo surface Ui 
of degree 3 such that each plane in Uq intersect the hyperplane of C/i along the same line L 
on U\. The line L is the unique 6-secant line to T. Every hyperplane through L intersect T 
in a section which is contained in a cubic surface. Furthermore, the surface T is embedded 
by the linear system 

\2K-Ai-A2-A^\ (4.1) 
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in P^, where Ai, A2 and are pairwise disjoint (— 2)-curves embedded as conies that each 
intersect L in two points. 

We now want to choose an appropriate surface T together with a cubic surface Xq such 
that their union is linked (5, 5) to a smooth irregular minimal elliptic surface. On such a 
surface T the three conies in Ci = Xq n T all have a common secant line which coincides 
with L, so we assume that Ci = AiU A2U A^. 

In particular we want Ci to be contained in a hyperplane. Let D be the residual 
curve Ht - Ci. Then Ci ■ D = Ci ■ {Ht - Ci) = 6 + 6 = 12 and Pa{D) = 1 by (2.2). 
This means that D is an elliptic curve of degree 4. So to construct an irregular elliptic sur- 
face X, we find a smooth general type surface T in with d = 10, tt = 10 and x = 4 and a 
hyperplane Hq of P^ such that 

- Hq contains the 6-secant L to T; 

- Hq DT = CiL) D, where Ci is the disjoint union of three smooth (— 2)-conics and D is 
an elliptic curve of degree 4 such that D i^L = % and Ci fl consists of 12 points. 

Since the hyperplane Hq of Ci U D contains L, the hyperplane section lies in a unique cubic 
surface, which we denote hy Ui. On the other hand the curve Ci lies in the cubic surface 
defined by the three planes of the conies in Ci. The general element of 'SP'Sc^^Hoi'^) therefore 
defines a smooth cubic surface Xq, which does not coincide with U\. We will show that the 
surface linked (5, 5) to the reducible surface T U Xq is a smooth irregular minimal elliptic 
surface. But first we make the explicit construction. 

Construction: Let Hq = VQiq) be a hyperplane of P^ and L = V{hQ, hi, /i2) a line in P^. 
Then three quadric minors Qi,Q2 and of a 2 x 3 matrix whose entries are C- linear 
combinations of ho, hi and define a degenerate cubic scroll Uq. By construction, Uq then 
consists of three planes through the line L. Next, we define a cubic Del Pezzo surface Ui 
in Hq given by a general cubic / in H''Ji^//,j(3). An elliptic curve D on Ui, which does not 
meet L can be obtained as the general member of the linear system {Hu-^ + L\. Explicitly, 
we consider a plane conic A G \Hu^ — L\ on Ui and take a quadric q G I1^3a,Ho{^)- Then 
D = B -A, where B = V{hQ, q). 

The homogeneous ideal Id of D can be written as 

Id = {ho,qi,q2), 

where qi,q2 € H''0//q(2) such that / G {qi,Q2)- Consider the double structure D2 = 
V{hQ,qi,q2) C P^. Then D2 is not contained in Ui. Multiplication by ho defines the fol- 
lowing exact sequence: 

> J[/oUd(3) OuiUUoUDii'^) > '^{UiUUoUD2)nHo,Ho{^) — ^ 0- 

Consider the exact sequence 

— ^ 3r/o(2) 'Juoud{^) — > J(c/,)UD)nj/o,_f/o(3) — »■ 0- 

The curve {Uq L) D) f] Hq is the union of the first order neighborhood on L and the elliptic 
curve D of degree 4 with DHL = 0, so we have H^'J [UoUD)nHo,H„ (3) = 0. We therefore conclude 
that hOj^ouD(3) = hOa[;,(2) = 3. Furthermore, HOj([,,uc/oUD)ni/„,/fo(4) - H'^^JeM^)^ and 
hence h°?(yiu(/„uD2(4) < 5. 

On the other hand, the following example tells us that h'^3(7iUC/oUD2(4) > 5: 
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Example 4.1. Let S = C[xq, . . . , X4] be the homogeneous coordinate ring of P^. We define 
the homogeneous ideals Ihq, II, luo^ ^Ui and Id by 

Iho = (ho) = (xi); 

II = {ho,hi,h2) = {xo,xi,X4); 

lUo = (Ql, Q2, Q3) = {{Xl - X4,){X4 - Xq), {x4 - Xo){xi + Xq), {xi + Xo){xi - X4)); 

lui = (ho, f) = (xi, {X4X0 - X2X3)xo + + xl + xfjx^); 
Id = {ho, qi, ^2) = {xi,X4Xo - X2X3, + x| + xl). 

Then the following quartics form part of the minimal generating set of IU1UU0UD2' 

91 = {xl - xl)hl; 

92 = {-xl + xi + Qz)hl\ 

93 = hlq2 - {xQXi + xiX4)Qi + {-qi + X1X4 - x\)Q2 + 92*53 + x\q2; 

94 = {x\ -XI-Q2- Q3)hl; 

95 = 92^0 + {-X1X4 + xl)Q2 + {-X2X3 + xl)Q3 - xlq2. 
The sequence of global sections 

^ H°5[/qud(3) H°J[/^u!7oUD2(4) ^ ^°^(UiLlUoLlD2)nHo,Ho{^) — ^ 0- 

is therefore exact. Let /i, /2 be general elements in H°3[/^uc/oUD2(4)- By Bertini, the complete 
intersection V{fi) and V{f2) is singular at most along the base locus of the quartics in 
iU(7oUD2(4)- Therefore UqUUi is linked (4, 4) to a smooth surface T oid= 10 and vr = 10 
in the complete intersection V{f\,f2)- The surface T contains D2, and hence D. Notice 
that r n Fo = T n C/i. We denote T n f/i by C and the residual curve C - D by Ci. 
Since deg(C) = 10 and Pa{C) = 10, the divisor C of Ui can be written as 

C = AHu, - 2L. 

So Ci = 3{Hu-^ ~ L), which implies that Ci is the disjoint union of three conies and the 
intersection D (iCi is 12 points. Each conic of Ci is contained in a unique plane, and these 
three planes form a cubic surface Ucc in Hq. So we have the pencil of cubics containing Ci 
spanned by Ui and Uoo, and the general member of this pencil is smooth. Therefore we may 
choose a smooth cubic STirface Xq containing Ci such that Xq 7^ Ui and does not contain 
D. But Z? is a quartic curve, so Xq n D is 12 points (distinct by a general choice of Xq). 
Therefore XqCiD = CiDD, and Ci = X^n T. In particular Xq and T intersect transversally 
along Ci , and hence Y = T Li Xq is locally complete intersection. 

Theorem 4.2. The reducible surface Y is linked (5, 5) to a minimal smooth elliptic surface 
with d = 12, TT = 13, pg = 3, and q = 1. 

Proof. For smoothness it suffices, by Proposition 2.8, to show that Jy (5) is globally generated. 
We first estimate h°(ay(5)): 

Lemma 4.3. The residual exact sequence 

J^(4) ^ 3y{5) JyoHoM^) 
remains exact on global sections. 
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Proof. We have already shown that the residual curve = C — Ci is an elliptic curve of 

degree 4. So mynHoM^) - ^'^^DuXoM^) ^ HOJd,Ho(2), and thus h^JYnHo,Ho{^) = 2. 
On the other hand h°3T(4) = 3 and h^3T(4) = 1 by [14]. In order to prove the lemma, it is 
therefore enough to show that h'^Jy(5) = 5. Let H = V{h) be a hyperplane containing the 
6-secant line L to T, but not Xq. Then multiplication by h defines the exact sequence 

ay(4) Jy(5) 3YnH,H{^) ^ 0. 

If hOjyni/,/f(5) = 7, then hOay(5) = 5, because h0jy(4) = 0,hijy(4) = 2 and h2jy(4) = 0. 
So we shall show that h°Jyni/,//(5) = 7. 

Since H contains L, the hyperplane section Y H H consists of L, a conic Wq in Xq and 
the hyperplane section Z = T D H . For simplicity, Z \J L will be denoted by Wi. Then 
multiplication by ho defines the exact sequence 

-> %i(4) %oUWi(5) J(WoUWi)nP,p(5) ^ 0, (4.2) 

where P = H (1 Hq. The vector space H^'J(^[Y^uiy^-^^pp{5) is spanned by the conies in P 
containing the 4 points obtained as T fl P — T fl L, so h'^J(WoUWi)nP,p(5) = 2. 
On the other hand Z • L = 6, so 

PaiWi) = Pa{Z)+Pa{L) + Z- L- l = 10-0 + 6- l = 15. 

By the Riemann-Roch formula, 

X(0m(4)) = 4deg(W^i) + 1 -p„(Wi) = 44 + 1 - 15 = 30, 

and hence xi^wA'^)) = 5, which implies that h°JpKi(4) > 5. But h°avFi(4) < h°az(4) < 5, 
so hOJw^j(4) = 5 and hiJvKi(4) = 0. Thus from (4.2) we have h°avFiUW2(5) = 7. □ 

Lemma 4.4. T/te reducible surface Y = T VJ Xq is scheme-theoretic cut out by 5 quintic 
hyper surf aces. 

Proof. By Lemma 4.3 the residual sequence 

^ 3t{4) ^ Jy(5) ^ JDuXo,/fo(5) ^ 

remains exact after taking global sections, so the intersection of the base locus in the middle 
with Hq coincides with the base locus on the right. But JDuX(),fl()(5) is globally generated 
by its own two global sections, because H'^JDuXo,-ffo(^) — H*^3d,H()(2), so the base locus of 
the quintics through Y would be in Uq. As we can check in the example given in [1], p. 107, 
there is a quintic hypersurface V through Y such that V does not contain any plane of Uq. 
So this is the general property, and hence we may assume the existence of such a quintic 
hypersurface V . Note that V intersects each plane of Uq in a quartic plane curve in T and 
the line L in Xq. So Y is scheme-theoretically cut out by 5 quintics. □ 

Now we compute the sectional genus vr, the geometric genus pg and the irregularity q 
of X. Prom the standard liaison sequence 

^ Ox{Kx) ^ OtuXoUx(5) ^ OruXo(5) ^ 0, 

we have the exact sequence 

^ WoUx(5) ^ Wo (5) ^ Ox(i^x) ^ 0. (4.3) 
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Twisting by 0(— 1) and taking cohomology, we can compute the speciality 



s = h'OxiHx) = h'Ox{Kx - Hx) = h'3TuXo{4=) = i^^M^) = 2- 

The exact sequence remains exact on global sections, because T U Xq U X is a complete 
intersection of two quintics. Recall, from above, that h°JruXo(5) = 5, so we have 

Pg = h°Ox{Kx) = h°aTuXo(5) - hOWoUx(5) =5-2 = 3. 

Since x(Ox) = x{'^x{Kx)) = XpTuXo(5)) - x(3ruXoUx(5)) = 3, we have q = I. Now the 
speciality s = h^Ox{Hx) = 2 and h.^Ox{Hx) = 0, so by Riemann Roch 

Hx-Kx = Hl + 2x{0x) - 2x{0x{Hx)) = 12 + 2 • 3 - 2 • (5 - 2) = 12. 

In particular, by the adjunction formula, vr = 13. Formula (2.1) yields = 0. 

Finally we show that X is an elliptic surface. To do this, we show that X is minimal. 
Since K"^ = and Pg = 3, it is enough to prove that K has no fixed components. Let C = 
{X [JT) P[ Xq. By the standard liaison sequence 

^ Oxo(^Xo) ^ Oxo(5) ^ Oc(5) ^ 

and the exact sequence 

0^Oxo(-C)^Oxo^Oc^0, 

we can see that C = 5Hxo — Kx^ = 6i7xo ■ Recall that Ci = T n Xq is the residual curve 
TDHo-D. So Ci = SHxo - 3L on Xq. Therefore Co = X n Xq = 3Hxo + 3L. In particular 
Co has degree 12, which implies that XCiXq is equal to the hyperplane section Hx = XDHq. 
Applying the analogous argument to X shows that (TUXo)nX = 5Hx — Kx- Thus XnT = 
4:Hx — Kx- This says that any quartic hyper surf ace containing T intersects X in X HT 
and Kx- Note that there is a net of such quartics. Consider the following commutative 
diagram 

aT(4) 




^ aruXoux(5) ^ Jruxo (5) ^ Ox{Kx) > 0, 

The global sections of Jt(4) are mapped to H°Ox(i^x) injectively, because we have chosen 
two general quintics of H°3tuXo(5)- Since pg = 3, we have an isomorphism 

H%(4)~H0Ox(ifx). 

This implies that every canonical divisor of X appears in the way described above. Notice that 
the base locus of the quartics through T is the union of T and the three planes Uq. Therefore 
any base component of \Kx\ would lie in Uq. As claimed in the proof of Lemma 4.4, any 
quintic through T which does not contain any plane of Uq intersects each plane of Uq in a 
quartic plane curve in T and the line in Xq. So if there would be a curve in X HUq, then 
this curve would meet L. On the other hand, Cq ■ L = {SHxq + 3L) ■ L = on Xq. This is a 
contradiction, and hence \Kx\ has no fixed component. □ 

Remark 4.5. Let X be an irregular elliptic surface given as above. We have shown that 

the canonical system \Kx\ is base point free. In other words, the canonical bundle ujx is 
generated by its own three global sections, because pg = 3. This leads to the following: 
(i) The canonical system \Kx\ defines a morphism $ : X ^ P^, and dim$(X) = 1, be- 
cause Kjr = 0. Let $ = s o r be the Stein factorization of Then, as we saw in the proof 
of Theorem 3.1, the smooth fibers of r are elliptic curves. 
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(ii) From the generalized Serre correspondence [13] it follows that there is a rank four vector 
bundle £ with Chern classes (01,02,03,04) = (5,12,12,0) and three sections of £ whose 
dependency locus is X. However we have not been able to prove that every irregular elliptic 
surface we have constructed above arises from a rank three vector bundle on with Chern 
classes (01,02,03) = (5, 12, 12) (compare Remark 3.2). 

Remark 4.6. Let X be a smooth surface in with d = 12, vr = 13, Pg = 3 and q = 1. 
Is it clear that the X is as above? In this last remark we sketch an argument why this 
is true as soon as h^Jx(2) = 1. We conjecture, but cannot prove that this is always the 
case. If h^Jx(2) = 1, then h^Jx(2) = 1 by the Riemann-Roch theorem. Using Beilinson's 
theorem [6] and a remark in [8], we can deduce that h2Jx(3) = 0, and thus h^Jx(3) = 4. 
This implies that there exists the unique hyperplane Hq such that h^OxDHoi^) — 1- Let Xq 
be the unique cubic surface in Hq containing X n Hq. Then the residual surface X U Xq is 
locally complete intersection, because X D Hq and X H Xq coincide. Suppose that X U Xq 
is scheme-theoretically cut out by quintics. Then the linked surface T is a smooth general 
type surface of d = 10, vr = 10 and x = 4. So X is reobtained as the surface linked (5, 5) 
to T U Xq, and hence X is an elliptic surface as above. 
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